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A THEORETICAL STUDY OF THE MOTION OF AN IDEALIZED PLASMA RING
UNDER THE INFLUENCE OF VARIOUS COAXIAL MAGNETIC FIELDS

By Crarexce W. MATTHEWS

SUMMARY

/'L(‘Z73

The equations of motion of charged particles in
a magnetic field have been applied to the problem of
the motion of an idealized plasma ring in the mag-
netic fields arising from direct andfor alternating
current flowing through a set of coaxial drive coils.
The simplifications incolved are such that the theory
predicts the maximum velocitics obtainable with
the induced-electromotive-force  plasma  accelerator.

For the single-coil induced-electromotive-force
plasma  accelerator the marimum axial velocities
attained can be expressed by two simple empirical
equations, one for small velocities and the other for
large velocities, provided the constants are originally
determined by applicable data.

The results of a preliminary survey of multicotl
traveling-ware aceelerators indicate that such ac-
celerators have very exacting design requirements af
the plasma ring is to be contained within the ac-
celerator throughout the entive process.

INTRODUCTION

The single-coil induced-electromotive-force ae-
celerator is often referred to in the literature as
an electromagnetic shock tube.  In many studies,
such as those of references 1 to 3, the aceelerator
is used to produce a fast hot shock front for the
purpose of the introduction of plasma into various
fusion machines. In other studies (for example,
ref. 4) this type of aceelerator is used to produce
a hot fast flow over a blunt magnetized body.
An experimental analysis, in which the formation
of the shock front was studied (ref. 5), showed
that the induced-electromotive-foree plasma ac-
celerator was capable of producing appreciably
higher velocities than were observed in the leading
shock front. In this analysis it was suggested
that a theoretieal study be made to indieate the

maximum eapabilitics and other characteristics
of induced-clectromotive-force plasma  aceeler-
ators.

This goal was achieved by applying the theo-
retical equations of motion of charged particles in
a magnetic field to a distribution of equal numbers
of electrons and singly charged positive ions in the
magnetic field of a sinusoidal current flowing
through a coaxial drive coil.  The simplifications
involved in the present study, such as disregarding
offects of collisions, pressure  gradients, space
charges, and partial ionization, were such that the
theory must necessarily predict the optimum ve-
locities attainable in the idealized aceelerator.

The purpose of this paper is to present the
results of the application of this simplified theory
to several coil configurations,  The variations in
the velocity due to variation of atomic weight of
the fons composing the plasma and to numbers of
jons in the ring are also presented.

SYMBOLS

The rationalized mksqg svstem of units is used
herem.

A magnetic veetor potential

Ap azimuthal component of A

A used for g

a minor radius of plasma ring

¥ nondimensional drive intensity fac-

tor, ude/dmmor.;

Oy Oy, Dooconstants

I complete elliptic integral of second
kind

e charge on singly charged positive ion

f frequencey of alternating component
of drive current

I maximum value of 74 .,

1 instantancous drive current

K complete elliptic integral of first kind

1
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Lo}

b s constants; see appendix A

dl veetor differential element

1 Lagrangian

L sell-induetance of plasma ring

i mass of single electron

m, mass of a number of uniformly
charged particles

n number of electrons or of ions in
plasma ring

r potential funetion other than clectrie
or magnetie

q charge of electricity

R position vector of a polnt i space

r radial coordinate of a point in a
evlindrieal system

Fovar base length for nondimensionaliza-
tion, considered for this study to
bhe maximum drive-coil radius

r, unit radial vector

N number of turns in drive coil

¢ time

1 potential function due 1o electro-
static fields

r axial coordinate of a point in a
evhindrieal system

X, unit axial vector

a, —dmol w,t,

Iéi ratio of lon mass to electron mass

v nondimensional eurrent, /7

b phase angle of alternating current in

mth turn of drive coil
¢ upneAmtme .,

Z azimuthal eoordinate of a point in a
evlindrieal system

6, unit azimuthal vector

- Lo ppr

i permeability of free spuce, 4o 10-7

henry/m
V== sz + P?+ (X —Xm)*
Em :"'ZPmP

P nonditmensional  radial  coordinate,
7/ ar

7 nondimensional time coordinate, wf

o nondimensional azimuthal coordinate
(equivalent to 6)

X nondimensional  axial  coordinate,
;r//"ma:r

w angular drive frequeney "2xf, radians
per second

Subscripts:

ac alternating current, maximum value

AERONAUTICS AND SPACE ADMINISTRATION

D quantity associated with all turns of
drive coil

de magnitude of direet-current  com-
ponent

e quantity associated with electrons

of plasina

7 quantity  associated with ions of
plasma

m mth turn of drive-coil system

0 starting condition of plasma ring

A bold face symbol indicates a vector quantity.
Dots over symbols indicate differentiation with
respect to ¢ or to 7 if over a nondimensional
-ariable.
THEORY

An induced-electromotive-force plasma acceler-
ator consists essentially of two coupled coils
similar to an air-core transformer.  One of these
coils is the drive coil which is excited by a large
high-frequeney alternating current.  The result-
ant changing magnetic field sets up an induced
voltage gradient in the neighborhiood of the coil
that is capable, provided the gas in this region is
within the proper pressure range, of causing an
arc to form in the magnetic field. If the drive
coil is circular, this are creates a circular plasma
ring coaxial with the drive coil.  Sinee currents
are flowing in both coils, a foree reaction exists
between the drive coil and the plasma ring be-
cause of the interacting magnetic fields. This
foree is the one which can be used to aceclerate
the plasma ring to high axial velocities.

The propertics of this coaxial system are con-
sidered in this paper.  Schematic diagrams of a
coaxial coil accelerator and the eoordinate system
used are shown in figures 1(a) and 1(h).

METHOD OF ANALYSIS

An analysis of the motion of the plasma ring
can be undertaken in several ways. One way is
to use the force relations between the magnetic
fields of the drive coil and the plasma ring. In
this method, however, it is difficult to account
for the fact that the ring consists of moving
charged particles which create the current flowing
in the plasma.  Another method is to apply the
equations of motion of a group of charged particles
in a magnetic field to the problem of a neutral
plasma ring moving in the field of a coaxial coil.
Before these equations are presented, however,
several simplifying assumptions can be made
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() Plasma ring and coil-turn notation.

Treure |.---Schematic diagram of an induced-electro-
motive-foree plasma  aceelerator and the eylindrieal
coordinate system used in this investigation.
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concerning the nature of the plasma.

In order to avoid studies of the effects of col-
lisions. it is assumed that the plasma is both fully
ionized und at a sufliciently high temperature, so
that the resistance of the ring is small compared
with its inductive reactance. As a result, the

resistance of the plasma ring may be neglected.
The assumption is also made that the plasma ring
moves through a vacuum; thus, pressure does
not wifeet the motion of the ring, and the potential
due to pressure may be assumed to be zero.
The plasma ring is additionally assumed to be
neutral in charge; that is, it Is composed of a
number of singly charged positive ions and an
equal number of eclectrons.  Also, the ions and
cleetrons are assumed to form only one ring because
of the lurge electrical forees existing between the
particles.  With these assumptions in mind, con-
sider the application of the equations of motion
of charged particles to the analysis of the induced-
clectromotive-foree plasma accelerator.
EQUATIONS OF MOTION OF A PLASMA RING

The Lagrangian of the motion of a muss 1y,
having a charge ¢, under the influence of w mag-
netie field is given on page 347 of reference 6 us

1 . . . .
L= m R RAqR-A—1—q} 0y
where
R velocity dR/dE of the mass
A magnetic veetor potential
V7 electric potential field
P any other potential

Since a mass of plasnut must consist of an equal
number of positive ions and electrons, equation (1)
must be modified if it is to account for both groups
of charged particles.  This modification may be
made by writing the Lagrangian for each set of
particles and then adding the two functions.  The
A fiold ariges from three different current loops—
namely, the current in the drive coil, the current
from the flow of eleetrons, and the current from
the flow of ions.  If the subseripts 7 and e are used
o show that the indicated funetion is ol 1on or
cleetron origin, then the magnetie vector potential
A may be written A, A A, where Ap indicates
the veetor potential of the current Howing in the
drive coil. With the use of this value of A, the
Lagrangian of the plasma may be written as

L=t R R m R R g Ry (A AAD

+(1“1.{e' (Ap+4-A+-A)) P =L q.Vi— qVe 2

Several of the basie assumptions may now be
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applied to equation (2).  First, the assumption is
made that gravitational and pressure effects are
so small, compared with the magnetic effects, as
to be negligible.  Thus, both 72, and £, are con-
sidered to be zero.  The assumed condition that
the average radial and axial coordinates of the ion
and electron rings are the same may be expressed

by ri=r.=rand r;=r,=ur.

Another simplifieation arises from the fact (hat
only drive cotls with coaxial circular turns are con-
sidered.  This condition simplifies the veetor A,
by eliminating the - and r-components with only
the g-component og remaining, as may be scen hy
examination of the following integral used to
evaluate A due to current 7 in a coil (ref. 6, p.
315):

it dl ‘
A=y fﬁ R—-R,, ®)
where
Uo permeability of free space
1 a differential element of the coil
R position vector of a point in space
R, position veetor of I

For a coaxial coil dl-r,d66,, where 6, is the unit
azimuthal veetor.  Integration of equation (3)
around the coil leads to a resultant veetor in the
azimuthal direction @, for the ficld point con-

cerned.  Thus,

A,=4,0.0)8,

Sinee the induced electromotive forees which
accelerate  the  charged  particles are  propor-
tional to 0A/Of, where ¢ is the time, the initial
motion of the plasma is in the direction of the
azimuthal veetor, or the plasia tends to move in
cireles concentrie with the drive coil.  Also, evalu-
ation of equation (3) shows that A p 18 not a
function of 6; henee, each plasma particle is sub-
jeet to the same clectromotive foree regardless of
its angular location.  As a result the plasma may
be considered to be uniformly distributed about
4 ring.

Sinee the space charges can be assumed to
hold the two plasma-ring components together so
tightly that the relative motions in the 7~ and
a-divections arve small, the effects of the electro-
statie potentials 17, and 17, may be negleeted in
any treatment of the overall motion.

Several simplifying relations are now required
to reduce equation (2) to a more useful form.
Since

A,=:1,86, 4)

and the ions and clectrons ereate an azimuthal
current only—that is, they flow oppositely about
the ring but together in the - and z-directions—
their corresponding nragnetic vector potentials are
similar to that of the drive coil, so that

Aii"‘lieo (-.))
and

A, =.18, (6)

For simplicity, the subseript 8 has been dropped
from the terms Ag 5, oAg , and A .. Also, in terms
of evlindrieal coordinates,

R=rr,--160,4 ix, (7

where r,, 8,, and x,, are the unit radial, azimuthal,
and axial vectors, respectively, and the dots over
the symbols indicate the first derivative with
respect to time £,

Substitution of equations (4) to (7) into equa-
tion (2) gives the Lagrangian of the plasina ring as

] " -9 ] 2 g2t 3 2
L=< (m;+m,) (\/"#—1“}—{-‘5 (mb2 4 md”)

5 L ‘
%‘((It"o.fJF(/c"gr) (*‘11)+“1i+4‘1r) (5)

The two terms gufd; and ged.l, involve the
determination of A, and A, within the plasma
ring.  These computations require a volurme form
of the integral in equation (3) in which the cur-
rent density distribution is known throughout the
cross section of the ring.  The magnitude of the
veetor potential A may be evaluated with the fol-
lowing equation (from ref. 6, p. 324):

[::,7[,‘_;/“"77 1

) Sb Al

where {7is the energy stored in the magnetic field
and 1. is the sell-inductance of the plasma ring.
In this study A=.18, and Jdl=rdde,. Thus, A
may be related to the inductance as follows:

-

Lg;z l. .
oy < g> 0,:0,00-—mrAi )

p

The values of the two currents in the plasma ring
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may be expressed as

and
__ 98
R
The substitution of these current values into
equation (9) results in the following values of
A4, and o1, for the ion and electron flows, respee-
tively:

‘1,:&(1"0{
R 4
{10)
e,
T 4gty

substitution of the values of A, and .1, from equa-
tions (10) into the Lagrangian (eq. (8)) results in

! o g b e b g
L= (mtom ) (P A= 85  m28.2, mad,”

B TR S L ns L ARCE)
4=

Although this form of the Lagrangian may be
substituted into Lagrange’s equations to give the
equation of motion of the plasma ring, 1t 1s more
convenient to have the final equation of motion
expressed in a nondimensional form, as such n
form shows the various important parameters
involved in the motion. The Lagrangian (eq. (11))
may be transformed into a nondimensional form
with the use of the following relations.

Let m be the mass of a single electron and « the

number of eleetrons or ions in the ring. Then,

N, ==1m o
(12)
m,=ngm

where 8 s the ratio of the ion mass to the electron
mass. Tf —e is the charge on a single electron and
+-¢ the charge on a singly ionized positive lon,

then
= —Ne
) } (%)
qi="ne

The following relations are also used, in which x,

<t

p, ¢, und 7 are the nondimensional variables:

T j:X]'mlu: r= pr"!(ll‘ 67“1) h
.dx . dp L
o= wr Fe= " wr = w

T mar dr mar dr L

, ., ., (14

. P, . o, . e,
S = W 7= W oW

dr dr d*r
T=wl J

The length 7., is any given characteristic length,
considered in this paper to be the maximum
drive-coil radius. The current flowing in the mth
turn in the drive coil is nondimensionalized with
the following substitution:

Yo _ ?(g(‘. w1 e o S1 ll (;Z-T,(S,"Q

Ym— ] 1

in which 7gc., and 74, represent, respectively, the
value of the direct current and the maximum
-alue of the alternating current flowing in the mth
turn, 7 is the maximum value of igqm, and 8, 13
the phase angle of the alternating current flowing
in the mth turn.

Two nonditmensional parameters appear in the
process of noudimensionalization, These param-
oters may be conveniently referred to as Band ¢
and are defined as follows:

I BT ST (1)

4rm W gy W
and

pp.,,lu'i ~0.910un>x 10"

— (16)

fe=

2
47T M yer Vonar

The value g is defined by Ly=ppr. In a single-
turn coil which defines the plasma ring

hYj

. M1 7h
w=log, p 1.75

(ref. 6, p. 330) where r 1s the major radius and @
is the minor radius of the plasma ring. Tt is also
convenient to convert ., into a product of the
instantaneous current and a funetion of position
a,,(px); thus,

Bl —Hf‘,i ’”q”! . ‘H“]’Ymarg
" 47r 417-

With this substitution, the magnitude of the
magnetic veetor potential due to the drive coils
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may now be written
IS
Ao=’;°— > QlYm (17)
T m=1

where the summation covers all turns of the drive
coil.  With the substitution of equations (12) to
(17) into equation (11) and simplification, the
Lagrangian L beconies in its nondimensional form
L4, where the dot indicates differentiation with
respect to 7,

1+8,.,, .. : .
L=y 650+ (604
+ ]))((P;_(ﬁ()p mZ=1 am7llz+ {p((}),—qh)z (13)

The equations of motion of the plasma ring are
now obtained by substituting L,, into Lagrange’s
equations, which are, from reference 6, page 347,

d (OL,\_ DL,y
([T OZ, - Dst

where z; represents a generalized coordinate of
Lagrange’s equations,

If the coordinates p, x, ¢., and ¢, are substituted
for z; consceutively in Lagrange’s equations, then
the equations of motion of an idealized plasnia

ring may be written
(14-B) o p(Bd:>+ ") — { (i~ .)*
S
= BG4 2 222 (10a)

m=1

(B pBG—d) 2 7, S (190)
m=1

The equations for ¢, and ¢, may be integrated once

and solved simultancously for ¢, and ¢, The
resultant equations are

S
80( ot o 3 v J 42604

; ‘ O¢

o p*[Bp+2¢(14-8)] (L)
o(C.moB it JF26(Cot- )

b= nol (19d)

P [Bo+2¢(1+ )]

where the constants of mtegration €, and ¢, are

<
Ce = po [(P0+ 2;)&2,0_ 2?(1-){.0—]} mZ:l QX Y, ﬂ]
. . al
Ot Bt 200620 B35 v |
m= -

The subseript zero indicates the value of the
quantity at starting time.
A g

The function a,, (or 47.4,,/u,i,) is obtained by integrating equation (3) over the mith turn of the

drive coil,

A=z

The values thus obtained for a,, and its derivatives are

o Vm[\’m_ (\Vm:}_grrn)‘]ﬂrvﬂ
P(V,,,+ Elﬂ) i

QQ({/=2 (Xm - X) [Vrrrji‘rrL_i (_’Qu _ Em) [\'1!1_1

OX p(”m'*" Em)'},@(;}m - Em)

?am=[ Pm (21}//12“ Em:)) - PVmEm I I'jm - (2 PV m— /?%m) (Vm - Em)]{"g

()p P:‘Pm (.Vn[ } Em) L2 (:V/rf - Sm)

where
Vin— [pmz+ P2+ (X_xrn) 2]
and
Em - 2 PPm

The value of the argunient of the complete
elliptic functions K, and £, is

[ 4pp, e
(PT Pm)g‘f“ (X'_"Xm)z

CALCULATIONS AND ASSUMPTIONS

An inspection of the equations of motion (14)
of the plasma ring shows that they are nonlinear
equations  with  complicated  functions of the
rarious coordinates.  Although no proof can be
presented, the equations appear to be of such a
nature that only numerical solutions ean  be
obtained.  With this approach in mind, an analy-
sis of the results is quite similar to setting up
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-arous experiments in which exact control of all
patameters is possible.  For example, in the
studies to be presented, the following controls
are available: no collisions occur between the ions
and electrons: the radial and axial components of
the ion and electron paths coincide: the coil
configuration and coil currents are controlled;
and the starting time, initial location, and velocity
of the ring are exactly determined.  This method
determination of both the
The numerieal

also  allows  exact
veloeity and location of the ring.
solutions were obtained by inserting equations (19)
into an integration program used in an IBN 7090
olectronic data processing svstem.  The program
used automatically adjusted the integration inter-
val until a certain desired aceuracy was Gbtained
four significant figures for the computations pre-
sented in this paper.

The plasma rings for most of the conditions
computed were considered to be made of equal
numbers of hydrogen ions and electrons.  Various
coils (figs. 2(a) and (b)), coil combinations {figs.
2(e) to (), currents, and eurrent combinations
were used in the computations.  Computations
were made for the single-turn coil using an alter-
nating drive current for values of the drive -
{ensity factor B varyving from 0.176 to 1,760,000
with ¢ varying from 0,001 to 100, Nost of these
computations used starting conditions of x,—0.1,
oo 1O, and  xy— e+ do—0. Several  of
ealeulations were also made for an additional

these

steady current flowing through the drive coil.
Contputations were made for two-coll, two-
phase and for four-coil, two-phase traveling-wave
svstems with starting conditions similar to those
previously given exeept that p, was equal 1o 0.75,
A few computations were made for a coil combina-
tion similar to the “Sevlla” fusion machine (ref.
3) to determine the possibilities of oseillations of

the ring.

RESULTS AND DISCUSSION
SINGLE-COIL ACCELERATOR

Some of the results obtained rom the compu-
{ation of the properties of a single-coil induced-
olectromotive-foree aceelerator are presented in
figures 3 1o 7 and in table I The patlis shown in
figure 3 were obtained by using the initial con-
dition that all velocities of the ring were zero al
ro=- 0. The results shown include two aeeelerators,
one consisting of a single-turn coil (fig. 2(a)), and

631546 -62-- 2

-1

© Coil turn
O Starting position of plasma ring

l (a)

Tmox o
o
(b}
—_— o 0 o O
o0 [o]
"max o o

l

()} Ningle-turn coil.

(by Pive-turn coil.

{¢) Nevlla type double eoil.

() Two-coil, two-phase aceelerator.
() Four-coil, two-phuase aceelerator.

Fravre 2. Coil configurations used in computations.

the other consisting of a five-turn coil (fig. 2(b))
which more or less simulates the current dis-
tribution used in the eup coil diseussed in reference
5. The effects on the plasma-ring path of starting
the ring motion at times 7, other than zero are
shown in ficure 4. The effects on the paths of
adding o direct current to the single-coil ac-
celerator are shown in figures 5(a) and H(by. The
variation of the logarithm of the nondimensional
axial velocity d#wry,, with the Jogarithm of the
drive intensity factor /o, is shown in figure 7.
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The values presented in table T represent the
maxintum veloetties computed for a single-coil
aceclerntorusing hyvdrogen, argon, and air plasimas.

Analysis of plasma paths. -\ study of the paths
shown in figures 3(a) to 3(d) shows that the
shapes of the paths of a given aceelerator which
start at 7,=0 are remarkably similar for a large
range of values of Lwr,,. and n/r,.. and that the
paths themselves are smooth and proceed in a

12 . . B R .
l«dw%%?r , L s
‘ ‘ i | | 1 oin0%
/A fﬁ A R e T R e L
I R i %* L 1<>|o'5 i
: ‘ Tal? 7
(a) | @ Coil-turn |ocation! J 410
G ,T . [ - ,ﬂ}t l_<
- , M .
_—:cg':% | {77 1 | Y mox
o ek
o -
] 1018
i S 77
(b) : 1210
a4t i l l . 4

2 16 20 24
X‘/r/T’GX
(2) Single-turn drive coil. —0.001.
@lmar
o . . b
(b) Single-turn drive coil. - -—=0.100.
Wmar
. . . {
(e) Single-turn drive coil. —--—-2100,
Wmar
(d) Five-turn drive coil. - "=,
maxr

Frovre 3.~ Effeet of changing the values of the param-
eters Ifwrpe, and nfra.. on the paths of hydrogen

plasma rings.  Initial conditions: Fy=ry=6y=1,=0.

more or less forward direction.  These path
characteristies are of the type that can be con-
sidered 1o be desirable for an accelerator  that
15, forward motion and confinement to a radius
roughly equal to that of the drive system.

The undesirable effeets on the characteristies of
paths obtained by starting the plasma ring ad
times 7, other than zero arve seen in figure 4. The
paths shown have a tendeney (o expand rapidly

when =0.0001 (fie.
w""iﬂf

in the radial direction

4(a)). When =0.1, the paths may be very

W ar

erratic in that they reverse direetions, loop around
the drive coil, and finally escape in a direction
completely foreign to the desired path (fig. 4(b)).

24.
To
o 0
20- - L. R . . . . o n/4
f} O w/2
. & _7/8
S @ Coil-turn location
E 16 . . . E
™
1.2

| . . . . . .
8 -4 6] 4 8 1.2 16
X/ max

() L —a000r: " — 1o,

W'nar Fimaz

() =0.1; L—=10m,

Wmar Pmaz

Ficure 4.- -Paths of & hydrogen plasma ring in the field
of a zingle-turn coil, showing effeets of different starting

. . . . . . &€
times.  Initial conditions: =iy —=gy=0; -"—=0.1;
l'!ll(ll
’
—L 1.0
Ymar
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The divergence of the paths, particulatly for
Ll N

/ . .
— 5 =0.1, may be due to the effeets of starting
wl'”lllf
the ring in the presence of an existing magnetie
field.

Other examples of erratic behavior are seen in
ficure 5, which shows some effeets of starting a
ring in the presence ol a field caused by a steady
These paths have irvegularities and
The

inereasing

current.
escape features similar to those in figure 4.
development ol these  effects  with
value of the steady magnetic field is seen in figure
5(a).  The effects of changing both the maximum
value of the alternating current and the diveet
current together are shown in figure 5(by. It is
interesting to note in figure 5(b) that, as Jjwr,.,
inereases, the path irregularities and the rate of
escape in the rudial direction also inerease. This
behavior is more or less in agreement with the
conditions observed in figure 4, where the path

’Hc// (i/w’max)fma/
- 00

o 0Ol 1156
BRean(e! 1.063

a 30 .6582

N 70 -3578

. b 100 -0547
@ Coil-turn location

t
24" ! 7 !
. : //w’max ﬂ/’max
o 04 102
20— o 103 10'?
o 1072 104
’/’max Lo - ® qu-?grn chchpn
1.2
(b) ] )
8L . [
-8 -4 0 4 8 12 16 20
X/r,,-,gx
1
(a) —— =0.001; -~-=107
Wmaz "mazx
(b)) f=1{4c

Fiourre 3 -Puths of a hydrogen plasma ring aceclerated
iu a single-coil field, showing the effeets of both a direct
current and an alternating current flowing in the drive

T
=01

coil.  Initinl conditions: ig=r —6=75-=0;

"7" ax
.
-2 =1.0.

Fmaz

irregularities inerease with increasing f/wr,q;.
Some explanation of this erratic hehavior may
he seen by examination ol figure 6 in which the
variations of the computed values of riry,q, (0r pl,
P Py (OF X), Elwrpaz (00 X), 18,/ ar (07 pd.). and
v With 7=wt are presented for the path shown in

’tlr'

figure 3(a) for which g =1. [In order to interpret

these graphs, it is to be noted that the axial
aceeleration from equation (19b) depends entirely
on the product of pé,, v.. and Oa,/OX; for this
particular path, when ¢ o=@,0=0, d>i:;—-%- and
henee is negligible. Tt is seen in figure 6 that
1B, whme, tlternates n sign several times during
the first quarter-cyele.  Sinee both v, and O,/ OX
do not change sign, the acceleration must there-
fore change sign. The effect of the negative
acceleration is seen from the first integration, the
curve for &jwrp,:, 1o be sufficient 1o eause negative
axial veloeities to oceur and even finally from the
second integration, the curve for rfr,,, to cause
the position of the ring to become negative.

The oseillation of the sign ol ¢é,, which caused
this axial reversal, is dependent on the sign of
the numerator of equation (19¢) which for this
path is pBB[pa,(14sin 70— pa, . The effects
ol the motion are such that after some veloeity
faster than

is achieved the term «, decreases

(14-sin 7 inereases and thus é, becomes negative;
t by

120 —
l ‘ [
|
; 7 fmax
B8O 2 ¥ .8
K ~ v
b=}
340k S | P e S a §
£ 5 o N [N S
3 E LN 3
> = /N Y =
T or o B 2 0
N \B. X/ Wiy <]
3
X/tmax E
-40+ : -4 %
f@e/wr,m,
[
[ \ H -8
80 0 2 3 4 5 5
Twl

Ficvre 6. -Computed data for a hydrogen plasma ring
aceelerated in the magnetic field of a single-turn coil
driven by both direet and alternating eurrents in which
the value of the direet eurrent cquals the maximum
value of the alternating current.  Starting conditions.

To=01; " =105 by=heby o =00 - !

Ymaz maz

¢=0.001; g =L=1; B=1845.

=0.001;

Winar
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the weeeleration is thereby reversed and also the
velocity 1s reduced. This reduction, however,
allows e, (1-+sin 7) (o become greater than «,,,
and, again, ¢, becomes positive.  In this fashion
then the oseillation in pg, oceurs. I a,,, 18 zero,
as in the paths shown in figure 3, then these
reversals of sign do not oceur and the aceeleration

proceeds forward in a regular fashion.  Also,
reducing the values of  Jlwr,,.. reduces these
erratic effeets (fig. 5(b)). Such a  reduction

occurs beeause the change in x during a eyele is
small so that «, does not change so rapidly; the
undesired oscillation of ¢, 1s thereby slowed down
orstopped with the vesult that the erratie hbehavior
seen in the strong field paths is greatly redueed.

This reversal effect s somewhat surprising
masmueh as w plasma ring is generally expected
to move from the stronger to the weaker portion
of the magnetie field.  Further study and perhaps
some experiientation arve required to show whether
this phenomenon actually exists or is charucter-
istic only of the motion of a single ring in a
combined alternating and steady magnetie field.
importance could be  attached to this

phenomenon inasmueh as it is direetly associated

Sonme

with the problem of mnserting o plasma into a
mirror machine or other direct-current contain-
ment nachinery with the use of a single-coil
aceelerator,

These  considerations  concerning  plasma-ring
paths indieate that the ring should start immedi-
ately ahiead of the eoll with a value of ety
not much greater than 0.0001, if a reasonable
jet-like plasma stream is desived from the aceel-
erator, and that superimposed steady magnetie
fields will most likely not be beneficial to the
containment of the plasma ring within the radius
of the drive-coil system.

Analysis of maximum velocity values.--The
maximum values of the four nondimensional
velocities computed for a single-coil aceelerator
using  hydrogen, argon, and air plasmas  are
presented in table 1 to show the orders of magni-
tude of these veloetties. For example, the ratio
of the electron azimuthal velocity to the ion
azimuthal veloeity is nearly equal to the value of
3. A large variation is noted in the ratio of
the axial velocity of the ring to the azimuthal
ion velocity, from about 80 to roughly 2000,
O the other hand, the ring axial velocity varies

AERONAUTICS AND SPACE ADMINISTRATION

from 0.1 10 0.03 of the electron azimuthal veloeity.

The maximum axial velocities exhibit several
mportant features which are better observed in
figure 7. The curves shown in this figure are
composed ol two straight lines, with a (ransition
between the two that is almost a sharp break.
The slope of the curve is found to be very close
to 1 for small values of flwr,,, and eclose 1o Y
From these values,
expressed by the

for large values of I/wr,,.
the axial velocity may  be
following two relations:

Rt I v ;
Cad ()
W par ]\) W yar Wl yar > (-0}
and
& 1 i : i
—, ( (') (21
WFyur © @ ar .w/‘/ruu‘< . =1

where ¢ is the value of {fwr,,.. at the knee of the
curve,

An examination of the basie computed data
showed that the knee of the curve oceurs at values
ol {jwr,,., which aceelerate the plasma ring away
from the vieinity ol the drive coil in 0.25 to 0.50

of a drive-current eyele. Thus, equation (20) may

Gas ”/’ma:

O Hydrogen 10'2

O Hydrogen 10'¢

O Hydrogen 1013

& Hydrogen 107

N Argon 10'5

O Deuterium (56 x10'®  (Calculated from data of ref, 1)

o  Deuterium {Experimental value of ref. 1)

o Ar 56 x10'7  (Calculated from data of ref 5)

¢ Ar (Experimental value of ref. 5)
3[ I b T

‘ 8

2F ! T

|
t

|
L A
-6 -5 -4 -3 -2 -1 ] | 2 3
logo j/w’lnax
Fiavre 7. Btfeets of varyving 1iwrma, and n/r,.. on the
maxinnun veloeity of various plasma rings accelerated
in o ~ingle-tuen field, Toitial conditions: @y, 7y G

o 0.
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TABLE I.—MAXIMUM VALULS OF THE VARIOUS VELOCITIES COMPUTED FOR A SINGLE-COIT.
INDUCED-ELECTROMOTIVE-FORCI ACCELERATOR

Tons per Nondimensional Nondimensional Nondimensional Nondimensional
Drive unit axial radint electron ion
intensity, length, veloeity, veloeity, azimuthal azimuthal
liwrmazr Nirmar &l maz DETRT velocity, veloeity,
ro.c.“'wrmuz | 7'91,“"“”‘nzﬂz
1
Single-turn coil; hydrogen plasma
]
|
; 10-5 10" 0. 0136 0. 001263 0. 392 -, 00027
1Ot L Q07884 —., 0004029 . 2251 —. 000122
104 1o . 1536 RUEIE! 6. 90 —. 0037t
| 1o . 1389 L 008117 5. 2856 —. 00286
! o5 L (8294 —., 003786 1.715 —. 000929
| o . DOOHK8S —. 001173 —. 03416 --. 0000187
10-3 : 1o 1. 136 . 1095 32. 00 —. 0175
101 L7939 —. 06520 13. 71 —. 0074
17 . 1037 —. 01150 . 2766 —. 0001499
101 1012 12, 61 1. 188 330 ~- 1TSS
101 11,97 . HTH6 203. 7 —. 104
1015 9. 825 —1. 150 147. 1 = 0797
1017 3. 316 —. 704 6. 23 —. 0337
1.0 101 ), 79 3. 667 1, 040 -, 64
101 38, 82 1. 659 805, 4 --, AR
1013 30. 73 —3. 403 164, 7 —. 2519
1017 149, 50 —2.174 19. 88 —. 01071
100 1012 400. 5 37,149 10, 477 —5. 676
104 380, 2 18, 06 9, 031 —5. 027
101 3109 —36. 95 4, 532 —2. 456
1017 106, 1 —22.59 192 —. 1038
! Single-turn coil; argon plasma
|
104 1013 0. 001270 —0. 00007281 —(). 1558 0. 000002111
\ 10—+ 1013 L0127 —. 000726 1. 505 —. 0000206
‘ 103 105 L1413 —. 00666 21. 79 —. 000300
{ 102 1013 , 1. 102 —. 1140 110. 1 -, 001532
| 1ot 1O 3076 —. 5310 367. 9 —. 00508
1 1013 12. 7% —1.795 1,171 —. 01608
100 1015 128 —18 11, 650 —. 156
Five-turn coil; air plasma
0. 0227 3 6 1017 0, 3146 —(0), 330 : 2. 42 -1, D00015H2
T 26 1. 106 -—1.17 : 6. H41 : - 0001223
. H68 5 6 1017 2,613 —2. 815 14, 98 ; —-, 0002801

be expected to result from the assumption of a
linear increase in the dreive current; that 1s, the
aceeleration ocenrs during the period for which sin
r=~r. Kquation (21) vesults from the integrated
effect of a large number of drive-current eycles act-
ing on the ring during the period of acceleration.
Tn fact, a highly approximated solution involving
these conditions ¢an be effected to show a theo-
vetical basis for equations (20) and (21).  (See
appendix A.)

Approximate equation for estimation of axial
velocity.—Two expressions which may be used
for the estimation of the axial velocities obtained

in u single-coil plasma accelerator are given by
equations (A7) and (A10) which are developed in
the appendix.  These relations are

@ NP BN
] G
W/ par (\p_*’—.\ )6 W ar

for lurge values of Fwra, and

T H—IN [ o ”7]1,“2 [
Ry
u“].//ulf (\p+ ‘2 S )‘3 w ’llllvlJ‘

for small values of /fwrye:.  The coeflicients Ay and
by ave assumed 1o be constants equal to the average
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effect of the magnetie field on the plasma ring.
Because ol the complications involved in the cal-
culations of b and £y, it is preferable to determine
the values from computed data, such as those
givenin table T, If &y and & are determined from

{—:]()() and -

@

Lo

the hydrogen data for
w,‘lll[ll'

the values of &y will vary from 260 to 268 for the
range of the given values of ¢, whereas the values
of & will vary from 58,000 to 664,000 for the same
values of £ If the average values ol £y and £ are
used with p =1, then equation (A7), forlarge values
of Tfwr,... may be expressed as

. "
fwzaua[r . ( !
@ ar (] o -Zs‘_)ﬁ W yar

and equation (A10), for small values of 7/wr ., as

& 1 ve :
==62,000) = 23
wl'mru: ’ [(] +25“) ﬁ] wr:mlr (\ )

The transfer point between the two equations
oceurs for values of Jjwr,.. at which &fwrp., is
approximately equal to 1. {See fig. 7)) Tt should
be noted that the foregoing values of &, and kb, are
developed for a single-turn, single-coil accelerator,
(See fig. 2(a).)  Other single-coil contigurations
with plasma rings starting at different locations
will most likely have different values for &, and k..

The applicability of these cquations to a gas
other than hydrogen (for example, argon) may be
checked by substituting 72,784, the value of 8 for
argon, into equations (22) and (23) and then com-
paring the results with the corresponding com-

SoLiw

)* (22)

puted values given in table I, If - I~—=100, the

W'naz
value obtained by use of equation (22} is 127.6
as compared with 128, the value from table I; if
1

~—==107% the value from use ol equation (23)
@mar

is 0.0134 as compared with 0,0127 from table [
This close agreement may be fortuitous, but it
does suggest that the foregoing relations should be
useful in the compuarison of various accelerators or
for the extrapolution of the results obtained from
agiven aceelerator, provided values of &, and ks
that are representative of the particular aceelera-
tor used can be determined.

Comparison of theory with experiment. -I9x-
perimental values of axial veloeities obtained in
single-coil accelerators are reported in references

AERONAUTICS AND SPACE ADMINISTRATION

Fand 5. These values may be used for compari-
son with vulues computed from equation (22).
Consider the data given in reference I, for which
cirenit capacity is 0.88 microfarad; the total in-
ductance is 0.295 microhenry, the ring mass is
13>107° gram of deuterium, the driving voltage
is 60,000 volts, and the final velocity is 5 10°
centimeters per second.  The values of the param-
eters used in this paper, when ealeulated from these
data, wre as follows:

o

&y
(with the assumption that one-half of the drive
current is used to drive the forward-moving
plasma ring and one-half to drive the rearward-
moving plasma ring)

15610 or f— 15,600

P max

B=13,690

(with the assumption of singly ionized deuterium
ions).

If these values of ¢, 8, and [jwry.. are sub-
stituted into equation (22}, the resultant value
of &/wrp,., 18 about 2.5, which may be compared
with the experimental value of 0.919,

A similar analysis may also be mude of the duta
presented in veference 5. The values of the
paraeters fjwr,,.., ¢, and 8 obtained from these
data are

!
— =087
Wz
r — [
- =575 10 or {37!
/'NUIJ'

B=53,500

{with the assumption that the average molecular
weight for airis 29),

It these values are substituted into equation
(22), the resultant value of @jwr,., 18 2.05.  How-
ever, the single-turn coil on which equation (22)
is hased is appreciably different from the cup
coil of reference 5. The five-turn coil (fig. 2(b))
has a current distribution which is lairly repre-
sentative of the current distribution found in the
single-turn cup-shape coil used.  Actual com-
putations of the five-turn coil, using equation

. . I C
(22), with - 7 =0.117, gave a value Tor Z/wr,.,
’ wl‘"’llf
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of 1.106. The reduced value of Ffwrp., was used
to keep the total current flowing around the five-
turn coil the sume as the current flowing in the
cup coil.

MULTIPLE-COIL SYSTEMS

(Clomputations were also made of the motion
of a hydrogen plasma ring in the magnetic fields
created by several commonly used multiple-coil
devices. The first systetn was a magnetic-mirror
system similar in operation to the Scylla fusion
machine discussed in reference 3. The second
system consisted of a two-coil traveling-wave
system in which the drive current of the second
coil Ingged that of the first by #/2 radians. The
third system was an extension of the second in
that two more turns were added in which the
phase lass were w and 37/2 radians, respectively.
Even though the studies were incomplete, they
did show several interesting phenomenn concern-
ing the motion of plasma rings in multiple-coil
systems,

Two-coil fusion machine (Scylla). --The system
used for this computation consisted of two coils
located as shown in figure 2(c) and was investi-
gated to determine the existence of plasma-ring
motion which would be symmetrical with respeet
to a center plane between the coils and oscil-
latory with respect to time.  Several of the paths
computed are shown in figure 8. All the paths
started at r=—0.9 and Although
many of the paths turn around and start back,
the reversal itself is not symmetrieal and the paths
do not retrace themselves, so that no evidence
Thus, this system

p=0.75.

of periodicity scems to exist.
does not show evidence that it is capable of
holding a plasma ring in an oscillating path for
more than a eyele or two.  The results of the com-
putations suggest that this system has very poor
plasma-containment features,

Two-phase traveling-wave accelerators.. The
{wo-coil, two-phase system used for an initial
survey is shown in figure 2(d). The four-coil
system, obtained by extending  the two-coil
systenn, isshown in figure2(e). The paths obtained
for the two-coil, two-phase, traveling-wave system
for a runge of values of Ifwr, . are shown in figure 9.
These paths show that the two-coil system may
have poor confinement properties, as only one of
the paths computed remains within the radius
of the system throughout the aceeleration period.
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IZ T - - [ 1IN - T o — T - T
-—TE : AN ' @ Coil-turn location:
vt T T T
AN
. - i Hfwrmax .
3 T 1035%x1073"
& ——— £56xI073
T /
12 L .
Ifarmax
¢ @ _507x103
; ———406x(073

x/rmox
Frovre 8. -Paths of o hydrogen plasma ring in a double-
coil field similar to that of the Seylla fusion machine.
Initial conditions: @y 6o~ 71p=0.

This behavior would indicate that the range of
values of Tfwr g, for which evenasimple traveling-
wave aceelerator will operate as a linear acceler-
ator is quite limited. A similar condition 1s
observed for the paths in the four-coil, two-phase,
traveling-wave accelerator presented in figure 10.
Again, only one of the paths considered retiained
within the confines of the aceclerator.

The complete data on the confined path for the
[our-coil aceelerator - [fzii.](i < HY s shown in

W s

ficure 11. Two interesting features are observed
in this figure: one is that the clectron veloeity

ré, . . ) X
P is always positive, the other is that the ring
Wl mar
timme history does not lag the magnetie-field time
history within the coil by more than one-lfourth of
a drive-current evele (that is, 72 radians). The
time history of this confined path, L =316

Pz

10+, is compared in figure 12 with two paths for
which the plasma ring escaped from the confines
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26 o —
B ]/w’max (i/“’max),ma/
o 0-% -0.0189
oal | | o 1073 l.128
o 1072 2903
- —l 1 _Ja 0! 3.840
". Coil-turn location
2.0 — - -
1
1.6
§
N
1.2 —
‘er —F

Rl
a

Frgore 9 -Paths of a hydrogen plasma ring in a two-
phase, traveling-wave magnetic field, showing the effects
of varying the drive-intensity  parameter  [/wrmae.

Initinl conditions: do=ry-=8y-=ry=0; =101,

"maz

=1.00<1072 and 3.16X

of the aceclerator,
Wy

107% Tt is seen that, for both paths for which the
ring escapes, the ring time history leads the
magnetic-field time history, so that the plasma
ring may be advancing into a magnetic field
opposite nsign to that in which the ving is formed.
‘This behavior is believed to give rise to the re-
actions which lead to the escape of the ring.
Also, if the ring slips more than a half-cvele (that
is, phase lags oceur greater than o), it is reasonable
to suppose that similar nonconfining reactions will
oceur.,

Although  this  analysis
plasma rings moving through a vacuum, it is
difficult to see that an actual traveling-wave
accelerator would be any less stringent in its
design requirements. Tt is believed, therefore,
that care must be taken in choosing the correct
values of the parameters Twr,,, ¢, and 8 if a

represents  idealized
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7 T
| Ll oy (X/ W ime, ’)f/‘na/ ] ‘
© 3.ex10"% 0.833 F* T,‘
o 1.0ooxi0"3 .93l : ,
6/ 1 o 3.ex1073 (108  —
Coil-turn location ! '

"/ Tmox

X/ rmax

Fravre 10—Paths of a hydrogen plasma ring accelerated
in a four-coil, two-phase, traveling-wave system showing
the effeets of varying the drive-intensity parameter

. . n ,
Hwrmae. Initial conditions: g —rg— 6y == TU:O;]—_‘~=IU“-
mazx
25~ 10
20} 8
8
x s &
g5 &6 >
kN 3
3R 2
-cn“’lO~E 4 >
LN o E
3 &
5_35_2 x>
S
ot o

Frouvre 11.—Computed data for a hydrogen plasma ring
aceelerated in a four-coil, two-phase, traveling-wave
aceelerator.  Coil radius==rp,,; coil locations: 0, 0.5 maz,
157 mazy and 3,07y 45; initial conditions: @y === = 7,==0.
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T T

O Magnetic f;eld
-0 Plasma, Jfwrmgy=3.16x107%
O Plasma, Jwrmox = 1.00X1073

_Ring escapes from
influence of accelerator

X/ mox
nN

. ,,

4 T T T

O Magnetic field
0 Plasma, fw/mgx = 3.16 x1073

) Ring escapes from
| _influence of accelerator-J

; Eﬁ& AR

0 | 2 3 4 5 6

TEwl

X/ max
N
l

L

Fieure 12, -Comparison of time history of z-coordinate
of a plasma ring accelerated in a four-coil, two-phase
accelerator with the axial time history of the magnetic

=0.75.

To

ficld. Initinl conditions: #o—=ie=64=0;

P'maz

traveling-wave accelerator is to keep a ring con-
fined within its radius during the entire accelera-
tion period.

CONCLUDING REMARKS

The equations for the analysis of the motion of

an idealized plasma ring under the influence of a
changing magnetic field show that three param-
otors control the motion of the plasma ring in a
given system under given initial conditions. These
parameters are the ratio of the maximum drive
current to the product of the drive frequency in
radians and the maximum radius of the drive-coil
svstent, the ratio of the number of electrons or
ions in the ring to the maximum radius of the
drive coil, and the ratio of the mass of the jons
composing the ring to the corresponding mass
of the electrons.

The computed results indicate that a single-
turn, single-coil accelerator should function best if
the plasma is allowed to form just ahead of the
coil and 1o accelerate from that position. The
paths of rings which started in the presence of a
magnetic field usually became erratic and escaped
from the confines of the accelerator in more or less
a radial direetion,

Equations are given which allow the approxi-
mate prediction of the axial velocity obtained in a
single-coil aceelerator provided the veloeity i3
known for some set of the control parameters.
Comparison of the theoretieal value with available
experiental data showed reasonable agrecment,
better than to an order of magnitude.

A rather preliminary analysis of a traveling-
wave accelerator indieated that this system may
be expected to be sensitive to the values of the
control parameters used; thus, a very sophisticated
design will most likely be necessary if this accel-
erator is to be operated successfully.

TavcLey Researca CENTER,
NATIONAL AERONAUTICS AND STACE ADMINISTRATION,
Laxaney AR Forer Base, Va., July 12, 1961.



APPENDIX A

APPROXIMATE EQUATIONS FOR THE AXIAL VELOCITY

An approximate integration of the equations
of motion (19b) and (19¢) ean be made for the
condition for which the velocity of the plasma
ring is zero at the starting time 7, and the drive
current is alternating only with the same value in
cach turn of the drive coil. Under these condi-
tions the constants (', and (7 in equation (19¢)
are zero.  As a further simplification p is con-
sidered constant  throughout the integration.
This is a rveasonably good approximation as
Hlustrated in figures 3(), 3(h), and 3(). More-
over, the magnetie-vector-potential derivatives
with respeet to x are assumed to act at constant
average values  throughout the more intense
portion of the acceleration range  that is, between
x==0 and x==1.0. [nder these conditions equa-
tion (19¢) may be written

B [2_‘, a,,l] sin 1
he o —=msl e Al
b PRy (A1)

with the assumption that g=g-+1. This assump-
tion is valid since the minimum value of 8, that
for hydrogen ion plasia, is 1,845, Equation
(19b) may also, under these conditions, he written

quse [ AR,
i m=1 ar (2\2)

If the following product is written as a constant.

D, or
N
]): _ E a,,,] [ Oam]
m=1 m=1

p[)lfmmz
(p+20)8

then

This equation may be integrated once to give

the following relation, where the constant of

integration is equal to zero to satisfy starting
16

conditions;

_ pD B( sin "r A4

T2 (A
Equation (A4) may be conveniently trented for
two drive currents: large drive currents for which
the wceeleration is so large that the process is
completed in a short portion of the drive-current
cyele, and small drive currents for which the
acecleration is so small that the process involves
many cycles and the term 7/2 hecomes much
larger than the term sin 27/4.

LARGE ACCELERATION

If the acceleration is large, the sin 27 term

nay  be climinated with the substitution of
27—87%6 into equation (A4). Then,
])1{..’ 3 _
= (A5)
(p+20)8 3
This expression may be integrated once to give
pl) 13351
s (AG)
128(p+2)

The climination of = between equations (A5)
and (A6) results in the following relution:

124 ( pl) )w B
3\ p+2g g

The basic computations showed that the maxi-
mum velocity was attained at values of x about
equal to 1.0. With this assumption and the
substitution for 1 of equation (15), the velocity
in the z-direction for large values of Jjwr,,, can
be written

. - p 7 1/4 _L 1/2
Xﬁkl [(P+2§)B] <w"maz,>

where £ is a constant involving the coil configura-
tion of the particular accelerator.,

)'( — X:{ /4

(A7)
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Equation (A7) agrees with the empirical rela-
tion (20) and thereby the assumptions made n
this analysis are justifiable within limits.

SMALL ACCELERATION

If equation (A4) is considered for a small
acceleration (that is, Ifwr,., is small), then it is
seen that the contribution of the term sin 27/4
is small compared with that of the term 7/2.
Thus, the equation for x may he approximated by
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Again, in both equations the constants of integra-
tion are set equal to zero to satisly the initial con-
ditions x,=x0=ro=0. If the time 7 is eliminated
from equations (A8) and (A9) and B3 is expressed
in terms of [jwrmar, then the equation for the
axial velocity for small values of f/wry,, may be
written

. p 172 [ .
=ko| 753 : Al0O
X A‘[(p+2§)ﬁ] O (A10)

zJ’QM ,B: T (AS) where ks is a constant involving the coil configura-
) < . . i
pr2y B 2 tion of the particular accelerator.
I . . . This equation is in agreement with the em-
T'his equation may be integrated to give . - } L
v ’ pirically observed cquation (21) and indicates
pDI3* « that the assumptions made are also reasonable for
X= " o Tt (A9) ;
4(p+20)8 small accelerations,
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